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1 Introduction 



The extension of different variants of the twistor approach |l] for the case of supersymmet- 
ric extended objects (super-p-branes) moving in high dimensional space-time became an 
actual task after the works [|2], ^ |3J] had been published. In 0, M the famous /t-symmetry 
of D = 3,4 superparticle |5|, || have been identified with the world-line supersymmetry. 
Moreover, it has been proved || that the problem of irreducible /t-symmetry description 
which troubled superparticle and superstring covariant quantization are automatically 
solved in the framework of twistor-like formulation, i.e., when an appropriate auxiliary 
bosonic spinor variables are present in the configurational space of the theory and the 
action functional has twistor-like form []. 

One of the directions of the generalizations of the results from Refs. P, [3], ^| con- 
sist in the construction of world-line (world-sheet) superfield or doubly supersymmetric 
formulation of the supersymmetric objects, where the /t-symmetry is completely realized 
as superconformal world-line (worldsheet) supersymmetry. Such formulation have been 
presented for superparticle in D = 3, 4, 6, 10 PH , heterotic [12[ and D = 3 Green-Schwarz 
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superstrings [13|, as well as for the supermembrane in D 

At the same time, a component variant of twistor-like approach has been developed 
using the Lorentz harmonic variables as twistor-like ones |L5L [16|, |TT 



18 . The works 



Tq , [Tq , |17j , |18l gave the bridge between the twistor approach and the well known works 

10 superparticle and 



[19], [20fl , where the idea of Lorentz covariant quantization of D 
superstring using the extension of the phase space by specially chosen set of vector [^TJ 
and spinor harmonics had been realized. Extended objects without tension (null super-p- 
branes) in D = 4 space-time have been covariantly quantized in the twistor-like Lorentz 



harmonic formulation JT6[. This demonstrated the power of such approach and gave the 
first example of selfconsistent quantum theory for the extended objects with the world- 
volume dimension d = p + 1 > 2. The formulations of such type have been constructed 
for D = 4, iV = 1 and D = 10, iV = IIB superstrings [0 as well as for D = 11 
supermembrane |18| . 



Another super-p-branes [22] [31] also are physically interesting objects, because 



they appears as supersymmetric solitons in some field theories |22| , pq| as well as in some 
super-p-brane theories So, the heterotic 5-brane |27J appears as soliton solution 

in D 



10 superstring theory |28fl and vice versa [p9]| . 
Here we will suggest an universal twistor-like Lorentz-harmonic formulation for the all 



^ee also the papers [To), were the twistor formulations of supersymmetric particles and strings 

are discussed 
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admissible set |24j of N = 1 super-p-branes in D-dimensional space-time. We will prove 
their classical equivalence to the standard formulations, derive the motion equations and 
present an explicit form of the irreducible K-symmetry transformations. 

For simplicity, we give an explicit calculations for the dimensions D = 2,3,4,10,11 
where the Majorana spinors exist. The intermediate formulas for the general case may be 



easily reproduced using slightly more complicated notations of Ref. [24 



2 Twistor-like action, equations of motion and k— 
symmetry for N = 1 super— p— branes 

2.1. Lorentz harmonic variables. 
Definitions and admissible variation concept 



In this subsection we describe the necessary set of the Lorentz harmonic variables 
which are suitable for the construction of the twistor like formulations of N — 1 super-p- 



branes living in D dimensions for all admissible values D and p P4[ . For simplicity, 
explicit expressions will be given for the cases D = 2,3, A(mod 8), where the Majorana 
spinor representation exists. Of course, all the results may be easily extended to another 
values of D using the spinor conventions developed in []24|] . 

Hence we suggest that the used 7-matrices and cr-matrices are symmetric and real 
ones 

(cr m f = (cr m ), (r n cr 1 ) T = (rcr 1 ) (1) 

Moreover, for the all admissible values of D and p (i.e., for all D and p where the 
standard N = 1 super— p-brane formulations exist |25| ) 



(T mi C 1 ){a/3(r mi ... mp C ) 7 sy = (2) 

The Lorentz harmonic variables form the matrix v° taking its values in the spinor rep- 
resentation of the double covering of D-dimensional Lorentz group Spin(l, 9) ~ SO(l, 9) 

< G Spin(l,D-l) (3) 

In (D a = 1, . . . , T is Spin(l, D - 1)(~ SO(l, D - 1)) spinor index ; a = 1, . . . , 2 V is 
the composed spinor index of the right product of (pseudo)orthogonal groups [SO(l, p) x 
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SO(D— p — 1)] and 2 V is the dimension of the considered spinor representation: v — [D/2] 
for D = 3, 4(mod8) and v = (D — 2)/2 for D = 2(moc/8) when the Majorana-Weyl spinors 
are used. 

The key point of the discussed approach consists in the statement that the basic 
elements of the orthonormal vector repere uffl 

u^u m ^ = V ^ = tiag(l,-l,...,-l) (4) 

are determined by means of the "square root" type universal relations in terms of a 
harmonic variable matrix v® 

= 2- v v a a [CT m ) a %{Y^C- 1 ) ah (5) 

For D = 2(mod8) and the Majorana-Weyl spinors the matrices (CT m ) and (r n C _1 ) 
should be understood as the chiral cr-matrices a m and cr n 

(CT m ) - a m , (TC^ 1 ) - a n (6) 

Then, more strong relation is satisfied for D = 10, p = 1 instead of @ 

~a{/3~ 7 5}m _ h^^&m + cydm permutaUons ( a> /5, 7 )) = (7) 
o 

Eq. (^) is realized as the requirement for the harmonic matrix to satisfy some algebraic 
restrictions which are called harmonicity conditions (see jp2"]) 



< G 5pm(l, D - 1) ^» S M (v) = (8) 

An explicit form of the harmonicity conditions have been presented in |[L5|| , |]33| , p4[ 
for D = 3,4,6, 10 superparticles and superstrings (see also |35| for D = 10 case) and in 
IS] for D — 11 supermembrane. Here we shell present only the necessary set of general 



features of harmonic variables and will not write these harmonicity conditions explicitly 
0- 

As the consequence of (0) the T-matrices can be removed from one side of (H) to 
another. I.e. there are the following consequences of (£J) for any D = 2,3, 4(mod8) 

E M (v) = =>• 



2 Such approach to harmonic variables was used in our previous works J18[ as well as in the recent work 
p6| . Previously the similar approach to the spinor realization of the repere variables (which are identical 
with Lorentz harmonic variables as well as with generalized Newman-Penrose dyades [I?], was 
used in the interesting work of Wiegmann [p7| devoted to the effective actions of spinning and heterotic 
strings 
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ut\CT {n) y b = v a a {CT m Y% (9) 



{T m C- 1 ) aP =vl{T^C~ 1 ) ab v b p u^ 

(CT (n) r b = v a a (CT m r%u^, (10) 

^\CT m )^ = v:{CT {n) ) ab v! (11) 
Here v% = v~ la , i.e. the relations 

« ~ = (12) 



E b = v a v b 

a a a 



should be satisfied. This is an independent harmonicity condition for D = 2(mod8). 
However, the matrix t>" can be constructed from v a one for D = 3,A(mod8) due to 
harmonicity conditions 

E ab = y a C ^ v b _ C ab = 0^V% = C^V h p C Pa (13) 

Eq.(|T3"D is the manifestation of the invariance of the charge conjugation matrix C ab under 
SO(l,D — 1) rotations. 

Moreover, the following relations 

Sp(v T CT mi ... mk vT^C- 1 ) = 0, Sp^CTmvT^-^C- 1 ) = 0, 

( when k > 1) (14) 

are satisfied for the matrix e Spin(l, D — 1) (|3]). 

The relations @, @ - ([TT|) are the basic ones of the twistor-like Lorentz harmonic 
approach to super— p-brane theories. 

To solve the variational problem formulated in the configurational space which in- 



cludes the Lorentz-harmonic variables the concept of admissible variations pi], |Tj] is very 
useful. These are the variations which do not violate the harmonicity conditions @ or, 
equivalently, the relation (|3]) 

« + e Spin(l,D-l) (15) 

For the definition of the admissible variation it is convenient to discuss the variation 
of the (0)-(|ll]) arising from the harmonicity conditions. So, varying the relation (0), we 

get 
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5u%\Cr (n) ) ab = 5v a a (Cr m ) a % + <(CT m ) a ^ = 

ee {v-HvT^iCT^ + (v- 1 6v) b d u m ^(CT {k) ) da (16) 
Use of the first relation (|TT|) transforms Eq. ([TBI) into the form 

u m ^5ut\r mn) )t = D{v-Hv)l + (CT^iv-^v^^C- 1 ^ (17) 

Taking into account the Fiertz identities (|101|) (see Appendix A) for the matrix 
{v ~ l 8v ), we can derive from ( |TTD the following set of relations which defines the admissible 
variation 

Spiv^dv) = (18) 

- 2~ {y - 1) Sp(v- 1 5vT {km ) = u m{k) 5u^ ee fi<*M(<y) (19) 

Sp(v- 1 5vT mi ... mq )=0, (20) 

where q = 1, 3, 4, . . . for D = 3, 4(mod 8), and g = 4, 6, . . . for Z) = 2(mod 8). 

Hence, the admissible variation of v* is one which may be reduced to SO(l,D — 1) 
rotation 

K = l^ m mr m) ) a b v b a <=► (rt< = ^ W(0 (0(r W p))? (21) 

with the Cartan form ( |i~9"D as the parameter. 

This result seems to be just evident when the definition (Q) of the harmonic variables 
is taken into account. 



2.2. Twistor-like action functional 
for N = 1 SUPER-P-BRANES in D-dimensions 



The proposed in [17, 18] action functional for super-p-branes moving in space-time of 



any admissible |25j dimension D has the following form 

S D , N=1 , P = (aT* / rf p+1 e e(0 (-e^l + C («0*) + S^ 1)P , (22) 
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P 1 J k=0 



d^ k x mk . ..d^(d M er mi ... mp C' l e)}. (23) 

Here a' is the Regge slop like parameter with the dimension equal the square of length, 
c is a dimensionless parameter (c(a')^) is the worldsheet cosmological constant) and the 
value of the parameter a 

a = ±^(cV)-i4 (24) 
pi 

is defined (up to a sign factor) by the ^-symmetry requirement; 

= d„x m - id^6T m c- l e = d^x m - id„e a (r^- 1 ) a e p , (25) 

x m (m = 0, 1,...,D — 1) are the ordinary (flat) space-time coordinates and 8 a (a = 
1,...,2 U ) are the fermionic (Grassmannian) coordinates of the N — 1 D-dimensional 
superspace which have the properties of the Majorana (Majorana-Weyl for D = 2, 10) 
spinors with respect to 50(1, D — 1) group. 



2.3. SUPER-P-BRANE equations of motion 



Using the admissible variation concept (ET]) we can write an arbitrary variation of the 
functional (p2j) in the form 

<^ )Ar=liP = («r 1/2 / d p+1 £ [e5e»{-u™uW - e^-^u^e" + c(a') 1/2 )}} + 

(eejtig>) + •po^^wj' . . . ^^C-^J} + 

+2z{ee^(9^r m O- 1 ) a ^ + o^^wj- . . . ^(^r^^O" 1 ) J^], (26) 

Hence, the motion equations for the discussed super-p-brane formulation have the 
following form 

3 The use of the supersymmetric invariant variation uj m — Sx m — i68T m C~ 1 8 instead of 5x m simplifies 
the derivation of the motion equations and symmetry transformations in the manifestly supersymmetric 
form. 



7 



<<4 /} = farH ( 27 ) 

<«2 = 0, (28) 

<9 M (ee?^™) + ipaeto-Mufi . . . u%d ltl 0r mma ... mp C- 1 d (lo 6 = (29) 

e^X^(rWC- 1 ) bc ^±(r)^) = (30) 

In the derivation of Eg . (|30|) the explicit value of parameter a was substituted and the 
following identity was used 

^■■■ /l/ (r { / 1 }... { / p} c- 1 )5a = -i^i^c-V): (si) 

where the matrix T' is defined by the relation 

™ - J^'^'-" 1 " (CT (M .., M C-% (32) 
and is the square root from the unity matrix 

(r') 2 = / (33) 

So, 1(1 ± T') are the projectors, which are related to the known ones \(1 ± Y) building 



from the matrix [23] 



. pip- 1 ) / \p+i 1 

TO - (^1)1 (^fJ . . . (C7T {ino} ... w C- 1 ); (34) 

on the mass shell 0. 

However, |(1±T') has the projection properties off— shell in distinction with |(l±r). 
This is one of the advantages of the twistor-like approach. 

After the exclusion of the Lorentz-harmonic variables using ( P7| ) , ( 28 ) , the equations 



of motion (p9j), ( |3~0"D coincide with the standard ones ][7|, ^3|, p5[] . This proves the clas- 
sical equivalence of the discussed formulation with standard one on the level of motion 
equations. The proof on the level of action functionals is presented in the next subsection. 

However, equations of the Lorentz-harmonic formulation have the simpler form. So, 
Eq. ( p9|) has the a-model-like form. The simplicity of Eq. (|30|) is evident when the 
SO(l, 9)l x [SO(l,p) x SO(D — p — 1 ^-invariant splitting of the harmonic matrix 



<=(<i-Vi) ( 35 ) 



4 To reduce the expression (|3J) for the projector T to the form presented in J23| the value of the 
dimensionless constant c should be fixed to be 
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is used. Here q is the spinor index of SO(l,p), A and A are the indices of some (may be, 
the coinciding) spinor representations of 5*0(1, D — p — 1) group. Because of the projec- 
tion character of the matrices |(1 ± there exists a representation where the matrices 
rWC -1 ) (5^ ± (r')°) have the diagonal form with only nonvanishing components 



(rWcr 1 )(j±r / ))T A «^(e7 /w 



AS 



(ri^c- 1 )(/ =f r'))^ fl oc ^(t^- 1 ),, (36) 

where 7^ and e are d = (p + l)-dimensional 7-matrix and charge-conjugation matrix 
respectively. 

In such representation Eq.(|30"D acquires the following simple particle-like form 



^e\ qA {e^r = (37) 

Note that Eq. (|37| ) can be presented in the form of the Dirac equation 

(eyf)"D f O qA = (38) 

for the variable 8 qA = 0^v^ qA which appears as a covariant piece of the Lorentz invariant 
Grassmann field 6 a = d^Vp = {9% O pA j. The covariant derivative Df involved into Eq. (|38|) 
is defined by the relation 

D f e a = e) (d,e a - \n^e b (r m) )t) (39) 

with fi^W to be the components of the S0(1, D — 1) covariant Cartan form ( fL9|) 
2.4. Classical equivalence with standard formulations 



Eqs.(p7|) and fl28|) means that the vectors u)P are tangent to the worldsheet and the 
vectors u$ are orthogonal to the worldsheet 

< = C -{a'rHu {f}m , (40) 



From the other hand, Eq.(|27j) results in the fact that the first term in the Lagrangian (|2 
is proportional to the second one 

ee^uU } = l -ec{a') + K (41) 
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Further, take into account, that e = det(eQ may be rewritten in terms of induced metric 
in the form 

e = detiejj = det xl2 {g^ iv ) 

Hence, 

„2(p+l) 

rfet 1 / 2 ^^) (42) 



c 2(p+l)( a /)p+l V M 

Substituting Eq. (|42|) into the action functional (|22|) we get the standard action in the 
Dirac-Nambu-Goto-like form |23j (up to numarical constant) 

S Dirac-Nambu-Goto = ~2(p+l)^7Wfl _/ d P+1 ^det 1 ^ 2 {uj 1 ^ LO mu ) + SV-Z 

where SV-z has the form (p3|). 

This concludes the proof of the classical equivalence of the discussed twistor-like for- 
mulation of super-p-branes with the standard ones 



2.5. Irreducible ^-symmetry transformations 

To derive the form of the K-symmetry transformations it is useful to rewrite the action 
variation by extracting the blocks proportional to the left hand sides of motion equations 
(p7[) - ([29|). First of all we transform the terms containing the auxiliary fields variations 
6e and 5v oc Q(5) (see (0)). As a result the first two terms in Eq. (|26|) turn into 

j p 

^ {f \5)(a')- 1/2 ee^u^] (43) 

To transform in the similar way the terms involving u m (S) and 5Q the following relations 
should be used 

^■'•^ o <; • • • < 1 1 (^o^r mi ... mp c- 1 ) Q = 
= ^••™K>^ ) } • • • {< 1 < l) }^o^<(r ( n 1 )... K) c- 1 ) 6a < = 

+{(«')- 1/2 <^> - ~el}H!{ f} X + <u«GT<, (44) 
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In Eq.(fO|) H and G are denned as follows 



— _ V 1 ; f nv-^Jp Jk+i x 



fc=l 



P 



{(«')- 1/2 <^ /J - • • {(«)- 1/2 <^ /2} - ^} x 

d^%{r {mh} ... Up} C- x U (45) 



fe=i 



r (i)(i 2 )...(i fe ) r {/ fc+1 }...{/ p } C ^fta (46) 



Substituting Eqs. fl43|), (0), ( |3T]) and the explicit value of constant a (|24]) into Eq.(f2 
we get the following expression for action variation 

6S D>N=1>P = (aT 1/2 J d p+1 ^[e{-5e fl f + Se^ + e^n gf (5) - 2ta(a') 1 / 2 e - 1 H^ }a v a J0 a } 

H m ^ /} -^(«o +1/2 e;} + 

+ (ee^ W{/} (5) - 2iaG» i vl8e a )u™u® + 



x 



p(p-d ,c(a')7 2 
i 2 a(— — 
P 

The demand that 5Sd,n=i,p (|47f ) vanish permits to find the explicit form of the k- 



+2iee^9% (rWC-X k - ^^a( C ^^y P \(Tr a ) (47) 



symmetry transformations and the values (|24j ) of the coefficient a of the Wess-Zumino 
term (^) for which the action fl22|) is invariant under these transformations. 
Indeed for this (and only for this) values of parameter a the matrix 

involved into a second brackets, becomes the projection operator 

(St T (r')a) 
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The same projector appears in the motion equation (|30|). Hence, the multiplication of 
(p0|) on the second projector (8° =F (r')o) fr° m the right hand side results in the identity. 
In accordance with the Second Noether theorem, this means the presence of symmetry in 
the theory, which is just the K-symmetry. 

Hence, the general form of the K-symmetry transformations for D-dimensional super- 
p-branes in twistor-like Lorentz-harmonic formulation is characterized by the relation 

v a J9 a = (S a b =f (O?) ^ (48) 

These transformations involves the K-symmetry parameter e b only in the contraction with 
projector (5% =F (r")&) e & which kills half of 2 U components of e b . Hence, the ^-symmetry 
has only 2 U ~ 1 parameters. 

Indeed, in the representation fl36|) Eq. Q48|) simplifies essentially and takes the form 

v a J9 a = e A v« A (49) 

where e q A is the 1 V ~ X -component parameter of the irreducible K-symmetry and v® A is the 
component of inverse harmonic matrix (see (p5f)) 

(50) 

The transformation rule for x m is defined by the (target space) supersymmetric con- 
dition 

u m (5) = 5x m - ibQY m C- 1 Q = => 5x m = 58r m C- 1 6, (51) 
and the transformations for the auxiliary fields and v® are defined by the relations 

5 ( ee jf) = ee^n {g}{f} (5) - 2ia(a') 1 / 2 H» f}a v a J0 a (52) 

n®W(8) = 2ia{a') 1/2 e~ 1 G^v a J6 a (53) 

where Hf f}a and are defined by (|§. 

Of course, the £0(1, p) Cartan form il^^(8) is not determined by the requirement 
of the action invariance. This fact means the SO(l,p) gauge invariance of the discussed 
action. For the K-symmetry transformations we may set 

fl™(i) = (54) 

Hence, we present the action functional, the form of the irreducible /t-symmetry 
transformations and the equations of motion for the twistor-like formulation of any N — 1 
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super-p-brane moving in space-time of arbitrary admissible (see ||23|| ) dimension. In the 
next section we discuss the most interesting cases of Heterotic superstring in D=10 and 
supermembrane in D=ll. 

3 Example 1: D = 10 Heterotic superstring 

The action functional for the heterotic superstring in the twistor-like Lorentz-harmonic 
formulation ( p2|) may be specified as follows f] 

Sio,7v=i,i = 5*i + Sw-z, (55) 
St = (a r )- 1/2 J drdae{c{a') + ^ - (e^u^ + e^%^)u^), 

ee (aT 1/2 J drdae(c(a') +l/2 ~ ^ [+2] ^ (vjwj) - 

-^ [ ~ 2] <(^mvi)) (56) 

Sw-z = -(ca')- 1 J drdae^iu™ (dja m 9) (57) 

Here is defined by the relation fl25|) with evident replacements of the T-matrices by the 
symmetric 16 x 16 Pauli matrices for D = 10 space-time <r^ (see [|T^] for the notations): 

= d^x m - id^9a m e = d^x m - td^ a a^6 p , (58) 

x m (m = 0, 1, . . . , 9) are the ordinary (flat) space-time coordinates and 6 a (a = 1, . . . , 16) 
are the Grassmannian spinor coordinates of the D = 10, N = 1 superspace. In Eq.(|56|) 
the basic directions tangent to the string worldsheet are chosen to be light-like and the 
world-sheet zweinbein is parametrized as follows 



<={^r ] +^)^ n -^)) (59) 

e» = (h ( e fMl + e»^) , i (e'-l- 2 ' - e"I+ 2 ))) (60) 
The orthogonality conditions 

4^ = 8f, e»el = 5? (61) 

5 Heterotic fermion term is omitted here. This form of the action follows from the twistor-like formu- 
lation for D = 10, N = IIB Green-Schwarz superstring |l7j after the trivial reduction to the N — 1 case: 

e 2 = o. 
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are presented in Appendix B in the light-like notations. 

The light-like notations are also convenient for the parametrization of the components 
of the composed moving repere (f|), @ of the target space tangent to the worldsheet 



,(') 



= = (^(«t 2l +«t 2l )4(^ 21 (62) 



To get the simple expressions for composed moving frame vectors (|B2J) we will use the 
following SO (1,9) Global x (SO(l, 1) x 5'0(8)) Locai invariant splitting of the spinor moving 
frame matrix variable (harmonic matrix) v a a (§) 

<={v + aA ,v-^eSp m (l,9) (63) 

The vectors u\^ 2 \ u$ are defined in terms of the Lorentz harmonic variables v^ A , v~: 
by the relations 

= l(vp m v+) = \vt A ^v+ A , (64) 



U L 2] = o( v A°™ v A^ ( 65 ) 



u% = \(v + A ~a ml \ A v- A ),) , (66) 

The contracted SO(l,9) spinor indices in Eqs.flBSD, and in the following formulas are 
omitted. 

The harmonicity conditions @ which realize the statement (|3]) take the following form 
in the discussed case f] 

s u m ^n, n/jn"^) = ffiT") 

"mi. ..7714 " 'l(n)(l)^ mi ... m4m u , l 1 -"/ 1 

So = «fc 2l </" [+2] -2 = 0, (68) 

The expressions 

HgU, = gp(t; r cr mi ,. . mB wW) = <(a m ,.. ra5 )^(aW). = (69) 

6 Such form of the harmonicity conditions for D=10 space-time have been proposed in the papers 
[fj||, Q where superparticle case have been discussed; the conditions (||) for SO(10) group had been 
discussed in the earlier work |35|] and used for the discussion of the twistor transform for the superfields 
in the recent work [B6|. 
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vanish as the consequence of Eqs. (|67D . The last expression of the type ( pOf) vanishes 
identically because of the antisymmetric property of the matrix (& mi .„ m3 ) a P under the 
spinor index permutations. 

The repere orthogonality conditions are satisfied here as the common consequence of 
the expressions fl64j) -fl66D, the conditions (|67D and the famous identity (0) The normal- 
ization conditions for the composed repere (|64])- (|66|) are satisfied due to the harmonicity 
conditions (|6TD , ( |68D and due to the identity (|7|). The useful representation for D = 10 
a-matrices is given in the Appendix C. 

Now we specify the general form of the equations of motion (P7|)- (j30[) and irreducible 
K-symmetry-transformations (^8|)-(|49|) for D = 10 Heterotic string in the twistor-like 
Lorentz-harmonic formulation. 

The equation of motion for auxiliary fields has the form 

^u^=c(ar /2 eW, (70) 

<«S? = (71) 

Thus the light-like vectors u m ^ ±2 ^ are tangent to the superstring world-sheet on the 
shell, defined by the motion equations. Contrary, the vectors u m ^ are orthogonal to the 
world-sheet on this shell. 

Using Eqs.([70|), ([71]), the classical equivalence of the discussed D — 10 superstring 
formulation with the standard Green- Schwarz one |7| can be justified easily (see ]T7[ for 
N = 2 Green-Schwarz superstring case). 

The equations of motion for the x m (£) and #(£) fields: S JJ?^ = and gj0m = have 
the form 

<9 M (e5>^ ±2 Mf 1)) - 2ie^d lx da m d u d/c(a') 1 / 2 = 0, (72) 
± 

{d„ea m ) a (^ e ^u m[T2] - 2e^u™) = 0, (73) 
± 

which may be reduced to the standard one in a same manner, as have been done for 
the general case. Excluding the fields a;™ from the equation (|73]) , we derive the following 
particle-like form of the equation for grassmannian field 9 

e^d,6 a v + aA = 0, (74) 
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4 Example 2: Supermembranes in D = 11 

In this section we shall use the following 5*0(1,2) x 5*0(8) invariant representation for 
the charge conjugation matrix and the 7-matrices in D = 11. 

C a b = _ c ba = diag ^aS^ - e .J A z) , 
Cab = diag (e &i 5 AB , -e &b 5 M ) , 

pH = (r {/} ,r (i) ) , 

r m = ( r w,r«,rw) = (r°,r 9 ,r 10 ) = ^ (7^,-7^) , 

rW = (r 1 ,...,r 8 ) = | D JJg r ^ ] (75) 

'is 

where 

«=(W) (76) 
is the composed spinor (upper) index of 50(1,2) x 50(8), 7W are d = 8 7-matrices [0 
which are similar those for .D = 10; 7^ = 7„j, 7^ a are d — 3 7-matrices, e a ^ = — e^ a 
(e 12 = — ei2 = 1) represents d = 3 charge conjugation matrix. 

The Lorentz harmonics (|3|), (Q) parametrize the coset 50(1, 10)/(5O(l, 2) x 50(8)) 
and form 32 x 32 matrix 

<=(v* aA ,v a&A ) (77) 

where a = 1, 32 are the spinor indices of the group 50(1, 10); d, b — 1, 2 belong to the 
spinor indices of 50(1, 2) ; A, B = 1, . . . , 8 ; A,B = 1, . . . , 8 are s- and c- spinor indices 
of S0(8) respectively. The matrix (|75|) takes its values in the group Spin(l, 10) which is 
a double-covering group for the Lorentz group 50(1, 10) because it satisfies the following 



harmonicity conditions 

S = v a a C af3 v b p - C ab = 0, (78) 

SfcU = v%{CY mim X% (r (n) C- x ) a6 = 0, (79) 

sS... ms = < (or m ,.. m5 ) a %5 (rwc?- 1 )^ = o, (so) 



which exclude 496 + 11 + 462 = 969(= 1024 — 55) degrees of freedom. 

Thus the harmonics v^ A ,v aAa describe 55 = dimSO(l, 10)(= 1024 — 969) independent 
degrees of freedom. Among the latter 31 = 3 + 28 = dhnSO(l, 2) + dimSO(8) degrees of 
freedom are pure gauge ones due to 50(1, 2) x 50(8) local symmetry of Sn^- 
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The harmonicity conditions (|78|) are independent, but the relations (|79|) .(|80D contain 
only 11 and 462 independent conditions on harmonics , respectively (see |18| for details). 
The relations (FBI) allow to construct the matrix inverse to using the same variables 



V aAi V aAa : 



{V-'f h = (-C^v abA ,C^v b aA ) (81) 
Here and further the spinor indices belonging to SO(l,2) group are lifted and lowered 



V ab A = CbaVaA, v\ A = e ba V aAa 



(82) 



using the d = 3 charge conjugation matrix. Now it is possible to specialize the expressions 
([H) for the case of supermembrane in D = 11 using the representation (fT5T ) 



it 



32 



v A (Cr m )v iA + v &A (CT m )v u (yt)l 



u 



-^v%(cr m ) v&AlAA 



J4) 



The converted SO(1,10) spinor indices are omitted in (|33"D , (|84"D . The use of Eqs. (p|)- (p]) 
allows to present the expressions (B3), (Bl) in the form 



u 



{/} 



aA U /3bBj la > 



(85) 



n«(r m C- 1 ) Q/3 = 2< { ^ /3}ai7 ^ (86) 

Note that the left and right parts of Eq. (|85D are symmetric under permutation of 
SO(1,10) spinor indices owing to the well-known 7-matrix identities for 7-matrices in 
D = 11 and d = 3 



(rc -1 ) = (r m (7 -1 ' 

(e7 / ) T = (e7 / ) 

The matrix (31) for D = 11 supermembrane (p = 2) has the form 



r = diag(^5 Afl) -a}*^) 

The twistor-like action for the supermembrane in D = 11 has the form 
Wess-Zumino term (|23"D which may be presented in the form 

2 



qWZ 
°11,1 



a' Vac 



d^e^ld^id^ + id u 9 a {Y n C' 1 ) (X p9 p ) 



--d^C-^O d u 6(T n C- l )6] d p 6(T mn C- l )6, 



If) 



with the 



J9) 
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Equations of motion (27)— (30) may be specialized as follows for D = 11 supermem- 
brane: 

,"»„{/} - u " ■' J 



^» = C -^ei. (90) 



<«S = 0, (91) 

fy(eeji4{>) + j-^erPerfU^dM m nP- l d p O = (92) 

(^7 {/} ) Sa ) = (93) 
The expressions for the K-symmetry transformations have the form 

*P<A = ^ ^Xai = 0, <=► W a = e>^ (94) 

^(5) = 5x m - i56T m C- l e = 5x m = ^r m C"^, (95) 

Q(i){f}($) =2ta(a') 1/2 e~ 1 G^ i v a J6 a , (96) 



<y(eej) = ee^n {g}{f} (S) - 2za(a') 1/2 H[ f}a v a je\ (97) 



where 



>ota£ ) 



u { i } {v h pli v a a + v^ivi) (98) 

and 

H? f}a < = <c wlw c/AA<t4 /l} «M»^(«M(7 {A} c- 1 )fa«Li - W e 7 {M ) S XaA) (99) 

As a result of 5*0(1,2) gauge invariance of the action, Cartan form Q^^{8) is not 
determined and we may set 

fl ww (i) = (100) 

for the K-symmetry transformations. 
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5 Conclusion 



Therefore, the twistor-like formulations for the all known N — 1 super-p-brane theories 



24| are presented here. The possible application of these formulations is the investigation 



of the nonlinear equations of motion for super-p-brane with p > 2 using the generalized 
twistor methods. 

Moreover, it was proved that the /t-symmetry (as well as all another gauge symmetries) 
are present in the irreducible form in these formulations (see Subsection 2.5). So, the 
covariant Hamiltonian formalism for all set of AT = 1 super-p-branes can be build using 
the results of this paper. (Such formalism for D = 10 iV = IIB superstring have been 
developed in Ref. fl7| ). 

We prove the classical equivalence of the discussed super-p-brane formulations with 
the known ones. However such equivalence can be destroyed by quantum effects as well 
as by the coupling to the gauge fields. Does this destruction indeed appears or no? This 
is the interesting question for further investigation. 

One more point noteworthy is connected with the recently discovered type II A and 



IIB super-p-branes previously thought not to exist for p > 2 [30]. These type II super- 
p-branes emerge as solitons of either type II A or IIB supergravity and involve additional 
worldsheet vector or tensor fields. As it has been recently shown such super-p-branes exist 
in D = 10 only j3T|. Unfortunately at the present time supersymmetric and K-symmetric 
formulations of these type p-brane actions are absent. It could be suggested that the 
twistor-like harmonic approach developed here may be useful for solving this problem. 
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7 Appendix A 



The Fiertz identities for D = 2, 3, 4(mod 8) 



Fi = 2-»5iSp{F) - 2^ +1 \T m ^tSp{T mim2 F) + 

+ E B 2k (T m ^ m ^) a(3 Sp(T mi ... m2k F) + 
fc>i 

+(! " ^(mod8), 2 )[2^(r m )^Mr m F) + 
+ E 5 2fc+1 (r mi - mafc ^tS P {T mi ... m2k+1 F)\ (101) 



fe>l 



where the last term is absent for D = 2(mod 8), 



jjap = 2~ l '(CT m ) aP Sp{UT m C- 1 ) + 

+ ]T J B 2fc+1 (CT mi - m -+ 1 ) a ' 3 ^(f/r mi ... m2fc+1 C- 1 ) 
fe>i 

+ (1 " 5D( m od8), 2 )[2-^ 1 Sp([/C- 1 ) - 

_2-(-+ 1 )(cr mim2 ) Q ^p([/r mim2 c- 1 ) + 

+ E fi2 fc (CT mi - m -)"^p(f/r m ,.. m2fc C- 1 )], (102) 



k>2 



W aP = 2-»{T m C- l ) aP Sp{CT m W) + 

fc>i 

+(i - ^ M , 2 )[2-T^p(ciy) - 2-^ +1 )(r mim2 c- 1 ) Q/3 ^(CT mim2 ^) + 

E ^2 fe (r mi - r " 2fc c- 1 ) Q ^ P (cr m ,.. m2fc w)] (103) 

k>2 

We do not need in the expressions for the numerical coefficients B k except for the first 
three ones 

B — Bi — 2~ v ' , 
B 2 = -2-^ 
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8 Appendix B 

World-sheet repere (p=l, d—2). 
The orthonormality conditions in "light-like" notations 

Repere variables of the (super)string worldsheet 

[±2] «[±2] 

satisfy the following conditions 

e [+V[+2] = = elf 2 ]^- 2 ], e^V^ = 2 = e^V^, (104) 

e"" = le^+V^] - e^V^l), (e 01 = -e i = l) , (105) 
<T = I( e M+2] e ,[-2] + e M-2] e ,[+2] ); ^ = e, (106) 

^ = I (e [+V[- 2 ]+ e ;:V[+ 2 ]), e^V^ = 2/e, (107) 

9 Appendix C 

The following representation for the u-matrices should be used for an explicit calculations 
in the case of 10-dimensional space-time: 

a° ab = diag(5 AB ,5 AB ) = a 0ab , (108) 

a 9 ab = diag(6 AB ,-6 AB ) = -a 9ab , (109) 

-2=L° 7 f)=-a^, (110) 

a [ + 2] = (a + a\ b = diag(2S AB , 0) = -(a - a 9 ) ah = a^ ab , (111) 
a[- 2] = (a - a\ b = diag(0, 25 AB ) = (a + a 9 ) ab = a^ ab , (112) 
Here Y AB are the a -matrices for 5*0(8) group, Y AB = 7^ • 
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